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2038 G. H. Hardy

‘teaching,’ and have had to do very little, such teaching as I have done
having been almost entirely supervision of research; I love lecturing, and
have lectured a great deal to extremely able classes; and 1 have always
had plenty of leisure for the researches which have been the one great
permanent happiness of my life. I have found it easy to work with others,
and have collaborated on a large scale with two exceptional mathemati-
cians; and this has enabled me to add to mathematics a good deal more
than I could reasonably have expected. I have had my disappointments,
like any other mathematician, but none of them has been too serious or
has made me particularly unhappy. If I had been offered a life neither
better nor worse when I was twenty, I would have accepted without
Jhesitation.

It seems absurd to suppose that I could have ‘done better.’ I have no
linguistic or artistic ability, and very little interest in experimental science.
I might have been a tolerable philosopher, but not one of a very original
kind. I think that I might have made a good lawyer; but journalism is the
only profession, outside academic life, in which I should have felt really
confident of my chances. There is no doubt that I was right to be a mathe-
matician, if the criterion is to be what is commonly called success.

My choice was right, then, if what [ wanted was a reasonably comfort-
able and happy life. But solicitors and stockbrokers and bookmakers often
lead comfortable and happy lives, and it is very difficult to see how the
world is the richer for their existence. Is there any sense in which I can
claim that my life has been less futile than theirs? It seems to me again
that there is only one possible answer: yes, perhaps, but, if so, for one

_ reason only.

I have never done anything ‘useful.’ No discovery of mine has made, or
is likely to make, directly or indirectly, for good or ill, the least difference
to the amenity of the world. I have helped to train other mathematicians,
but mathematicians of the same kind as myself, and their work has been,
so far at any rate as I have helped them to it, as useless as my own.
Judged by all practical standards, the value of my mathematical life is
nil; and outside mathematics it is trivial anyhow. I have just one chance
of escaping a verdict of completely triviality, that T may be judged to
have created something worth creating. And that I have created something
is undeniable: the question is about its value.

The case for my life, then, or for that of any one else who has been a
mathematician in the same sense in which I have been one, is this: that
I have added something to knowledge, and helped others to add more;
and that these somethings have a value which differs in degree only, and
not in kind, from that of the creations of the greal mathematicians, or of
any of the other artists, great or small, who have left some kind of
memorial behind them,
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Mathematical Creation

By Henri Poincaré (written in 1908)

The genesis of mathematical creation is a problem which should intensely interest the psychologist. It is
the activity in which the human mind seems to take least from the outside world, in which it acts or seems
to act only of itself and on itself, so that in studying the procedure of geometric thought we may hope to
reach what is most essential in man’s mind.

This has long been appreciated, and some time back the journal called L ‘enseignement mathématique,
edited by Laisant and Fehr, began an investigation of the mental habits and methods of work of different
mathematicians. I had finished the main outlines of this article when the results of that inquiry were
published, so I have hardly been able to utilize them and shall confine myself to saying that the majority
of witnesses confirm my conclusions; I do not say all, for when the appeal is to universal suffrage
unanimity is not to be hoped.

A first fact should surprise us, or rather would surprise us if we were not so used to it. How does it happen
there are people who do not understand mathematics? If mathematics invokes only the rules of logic, such
as are accepted by all normal minds; if its evidence is based on principles common to all men, and that
none could deny without being mad, how does it come about that so many persons are here refractory?

That not every one can invent is nowise mysterious. That not every one can retain a demonstration once
learned may also pass. But that not every one can understand mathematical reasoning when explained
appears very surprising when we think of it. And yet those who can follow this reasoning only with
difficulty are in the majority: that is undeniable, and will surely not be gainsaid by the experience of
secondary-school teachers.

And further: how is error possible in mathematics? A sane mind should not be guilty of a logical fallacy,
and yet there are very fine minds who do not trip in brief reasoning such as occurs in the ordinary doings
of life, and who are incapable of following or repeating without error the mathematical demonstrations
which are longer, but which after all are only an accumulation of brief reasonings wholly analogous to
those they make so easily. Need we add that mathematicians themselves are not infallible?

The answer seems to me evident. Imagine a long series of syllogisms, and that the conclusions of the first
serve as premises of the following: we shall be able to catch each of these syllogisms, and it is not in
passing from premises to conclusion that we are in danger of deceiving ourselves. But between the
moment in which we first meet a proposition as conclusion of one syllogism, and that in which we
reencounter it as premise of another syllogism occasionally some time will elapse, several links of the
chain will have unrolled; so it may happen that we have forgotten it, or worse, that we have forgotten its
meaning. So it may happen that we replace it by a slightly different proposition, or that, while retaining
the same enunciation, we attribute to it a slightly different meaning, and thus it is that we are exposed to
erTor.

Often the mathematician uses a rule. Naturally he begins by demonstrating this rule; and at the time when
this proof is fresh in his memory he understands perfectly its meaning and its bearing, and he is in no
danger of changing it. But subsequently he trusts his memory and afterward only applies it in a
mechanical way; and then if his memory fails him, he may apply it all wrong. Thus it is, to take a simple
example, that we sometimes make slips in calculation because we have forgotten our multiplication table.

According to this, the special aptitude for mathematics would be due only to a very sure memory or to a
prodigious force of attention. It would be a power like that of the whistplayer who remembers the cards
played; or, to go up a step, like that of the chess-player who can visualize a great number of combinations
and hold them in his memory. Every good mathematician ought to be a good chess player, and inversely;
likewise he should be a good computer. Of course that sometimes happens; thus Gauss was at the same
time a geometer of genius and a very precocious and accurate computer.

But there are exceptions; or rather I err; I can not call them exceptions without the exception being more
than the rule. Gauss it is, on the contrary, who was an exception. As for myself, I must confess, I am
absolutely incapable even of adding without mistakes. In the same way, I should be but a poor chess-
player; I would perceive that by a certain play I should expose myself to a certain danger; I would pass in
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review several other plays, rejecting them for other reasons, and then finally I should make the move first
examined, having meantime forgotten the danger I had foreseen.

In a word, my memory is not bad, but it would be insufficient to make me a good chessplayer. Why then
does it not fail me in a difficult piece of mathematical reasoning where most chess-players would lose
themselves? Evidently because it is guided by the general march of the reasoning. A mathematical
demonstration is not a simple juxtaposition of syllogisms, it is syllogisms placed in a certain order, and
the order in which these elements are placed is much more important than the elements themselves. If I
have the feeling, the intuition, so to speak, of this order, so as to perceive at a glance the reasoning as a
whole, I need no longer fear lest I forget one of the elements, for each of them will take its allotted place
in the array, and that without any effort of memory on my part.

It seems to me then, in repeating a reasoning learned, that I could have invented it. This is often only an
illusion; but even then, even if I am not so gifted as to create it by myself, I myself re-invent it in so far as
I repeat it.

We know that this feeling, this intuition of mathematical order, that makes us divine hidden harmonies
and relations, can not be possessed by every one. Some will not have either this delicate feeling so
difficult to define, or a strength of memory and attention beyond the ordinary, and then they will be
absolutely incapable of understanding higher mathematics. Such are the majority. Others will have this
feeling only in a slight degree, but they will be gifted with an uncommon memory and a great power of
attention. They will learn by heart the details one after another; they can understand mathematics and
sometimes make applications, but they cannot create. Others, finally, will possess in a less or greater
degree the special intuition referred to, and then not only can they understand mathematics even if their
memory is nothing extraordinary, but they may become creators and try to invent with more or less
success according as this intuition is more or less developed in them.

In fact, what is mathematical creation? It does not consist in making new combinations with mathematical
entities already known. Any one could do that, but the combinations so made would be infinite in number
and most of them absolutely without interest. To create consists precisely in not making useless
combinations and in making those which are useful and which are only a small minority. Invention is
discernment, choice.

How to make this choice I have before explained; the mathematical facts worthy of being studied are
those which, by their analogy with other facts, are capable of leading us to the knowledge of a
mathematical law just as experimental facts lead us to the knowledge of a physical law. They are those
which reveal to us unsuspected kinship between other facts, long known, but wrongly believed to be
strangers to one another.

Among chosen combinations the most fertile will often be those formed of elements drawn from domains
which are far apart. Not that I mean as sufficing for invention the bringing together of objects as disparate
as possible; most combinations so formed would be entirely sterile. But certain among them, very rare,
are the most fruitful of all.

To invent, I have said, is to choose; but the word is perhaps not wholly exact. It makes one think of a
purchaser before whom are displayed a large number of samples, and who examines them, one after the
other, to make a choice. Here the samples would be so numerous that a whole lifetime would not suffice
to examine them. This is not the actual state of things. The sterile combinations do not even present
themselves to the mind of the inventor. Never in the field of his consciousness do combinations appear
that are not really useful, except some that he rejects but which have to some extent the characteristics of
useful combinations. All goes on as if the inventor were an examiner for the second degree who would
only have to question the candidates who had passed a previous examination.

But what I have hitherto said is what may be observed or inferred in reading the writings of the
geometers, reading reflectively.

It is time to penetrate deeper and to see what goes on in the very soul of the mathematician. For this, I
believe, I can do best by recalling memories of my own. But I shall limit myself to telling how I wrote my
first memoir on Fuchsian functions. I beg the reader’s pardon; I am about to use some technical
expressions, but they need not frighten him, for he is not obliged to understand them. I shall say, for
example, that I have found the demonstration of such a theorem under such circumstances. This theorem
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will have a barbarous name, unfamiliar to many, but that is unimportant; what is of interest for the
psychologist is not the theorem but the circumstances.

For fifteen days I strove to prove that there could not be any functions like those I have since called
Fuchsian functions. I was then very ignorant; every day I seated myself at my work table, stayed an hour
or two, tried a great number of combinations and reached no results. One evening, contrary to my custom,
[ drank black coffee and could not sleep. Ideas rose in crowds; I felt them collide until pairs interlocked,
so to speak, making a stable combination. But the next morning I had established the existence of a class
of Fuchsian functions, those which come from the hypergeometric series; I had only to write out the
results, which took but a few hours.

Then I wanted to represent these functions by a quotient of two series; this idea was perfectly conscious
and deliberate, the analogy with elliptic functions guided me. I asked myself what properties these series
must have if they existed, and I succeeded without difficulty in forming the series I have called theta-
Fuchsian.

Just at this time I left Caen, where I was then living, to go on a geological excursion under the auspices of
the school of mines. The changes of travel made me forget my mathematical work. Having reached
Coutances, we entered an omnibus to go some place or other. At the moment when I put my foot on the
step the idea came to me, without anything in my former thoughts seeming to have paved the way for it,
that the transformations I had used to define the Fuchsian functions were identical with those of non-
Euclidean geometry. I did not verify the idea; I should not have had time, as, upon taking my seat in the
omnibus, I went on with a conversation already commenced, but I felt a perfect certainty. On my return to
Caen, for conscience’ sake I verified the result at my leisure.

Then I turned my attention to the study of some arithmetic questions apparently without much success
and without a suspicion of any connection with my preceding researches. Disgusted with my failure, I
went to spend a few days at the seaside, and thought of something else. One morning, walking on the
bluff, the idea came to me, with just the same characteristics of brevity, suddenness and immediate
certainty, that the arithmetic transformations of indeterminate ternary quadratic forms were identical with
those of non-Euclidean geometry.

Returned to Caen, [ meditated on this result and deduced the consequences. The example of quadratic
forms showed me that there were Fuchsian groups other than those corresponding to the hypergeometric
series; I saw that I could apply to them the theory of theta- Fuchsian series and that consequently there
existed Fuchsian functions other than those from the hypergeometric series, the ones I then knew.
Naturally I set myself to form all these functions. I made a systematic attack upon them and carried all the
outworks, one after another. There was one however that still held out, whose fall would involve that of
the whole place. But all my efforts only served at first the better to show me the difficulty, which indeed
was something. All this work was perfectly conscious.

Thereupon I left for Mont-Valérien, where I was to go through my military service; so I was very
differently occupied. One day, going along the street, the solution of the difficulty which had stopped me
suddenly appeared to me. I did not try to go deep into it immediately, and only after my service did I
again take up the question. I had all the elements and had only to arrange them and put them together. So I
wrote out my final memoir at a single stroke and without difficulty.

I shall limit myself to this single example; it is useless to multiply them. In regard to my other researches I
would have to say analogous things, and the observations of other mathematicians given in
L enseignement mathématique would only confirm them.

Most striking at first is this appearance of sudden illumination, a manifest sign of long, unconscious prior
work. The rdle of this unconscious work in mathematical invention appears to me incontestable, and
traces of it would be found in other cases where it is less evident. Often when one works at a hard
question, nothing good is accomplished at the first attack. Then one takes a rest, longer or shorter, and sits
down anew to the work. During the first half-hour, as before, nothing is found, and then all of a sudden
the decisive idea presents itself to the mind. It might be said that the conscious work has been more
fruitful because it has been interrupted and the rest has given back to the mind its force and freshness. But
it is more probable that this rest has been filled out with unconscious work and that the result of this work
has afterwards revealed itself to the geometer just as in the cases I have cited; only the revelation, instead
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of coming during a walk or a journey, has happened during a period of conscious work, but independently
of this work which plays at most a role of excitant, as if it were the goad stimulating the results already
reached during rest, but remaining unconscious, to assume the conscious form.

There is another remark to be made about the conditions of this unconscious work: it is possible, and of a
certainty it is only fruitful, if it is on the one hand preceded and on the other hand followed by a period of
conscious work. These sudden inspirations (and the examples already cited sufficiently prove this) never
happen except after some days of voluntary effort which has appeared absolutely fruitless and whence
nothing good seems to have come, where the way taken seems totally astray. These efforts then have not
been as sterile as one thinks; they have set agoing the unconscious machine and without them it would not
have moved and would have produced nothing.

The need for the second period of conscious work, after the inspiration, is still easier to understand. It is
necessary to put in shape the results of this inspiration, to deduce from them the immediate consequences,
to arrange them, to word the demonstrations, but above all is verification necessary. I have spoken of the
feeling of absolute certitude accompanying the inspiration; in the cases cited this feeling was no deceiver,
nor is it usually. But do not think this a rule without exception; often this feeling deceives us without
being any the less vivid, and we only find it out when we seek to put on foot the demonstration. I have
especially noticed this fact in regard to ideas coming to me in the morning or evening in bed while in a
semi-hypnagogic state.

Such are the realities; now for the thoughts they force upon us. The unconscious, or, as we say, the
subliminal self plays an important rdle in mathematical creation; this follows from what we have said. But
usually the subliminal self is considered as purely automatic. Now we have seen that mathematical work
is not simply mechanical, that it could not be done by a machine, however perfect. It is not merely a
question of applying rules, of making the most combinations possible according to certain fixed laws. The
combinations so obtained would be exceedingly numerous, useless and cumbersome. The true work of the
inventor consists in choosing among these combinations so as to eliminate the useless ones or rather to
avoid the trouble of making them, and the rules which must guide this choice are extremely fine and
delicate. It is almost impossible to state them precisely; they are felt rather than formulated. Under these
conditions, how imagine a sieve capable of applying them mechanically?

A first hypothesis now presents itself; the subliminal self is in no way inferior to the conscious self; it is
not purely automatic; it is capable of discernment; it has tact, delicacy; it knows how to choose, to divine.
What do I say? It knows better how to divine than the conscious self, since it succeeds where that has
failed. In a word, is not the subliminal self superior to the conscious self?
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Hans Hahn: The crisis in intuition

Hﬂﬂ&'ﬁh_hn' lectured at Vienna during the 1920s on The crisis in intuition. We present here some
extracts from Hahn's lectures:-

The crisis in intuition

Immanuel Kant, in his Critiqgue of Pure Reason, [has asserted that] ... we conduct ourselves passively
when we receive impressions through intuition and actively when we deal with them in our thought.
Furthermore, according to Kant, we must distinguish between two ingredients of intuition. One ...
arises from experience ... such as colours, sounds, smells, hardness, softness, roughness, etc. The other
is a pure a priori part independent of all experience ..: [Kant believed that] geometry, as it has been
taught since ancient times, deals with the properties of the space that is fully and exactly presented to
us by pure intuition ....

However plausible these ideas may at first seem, and however well they corresponded to the state of
science in Kant's day, their foundations have been shaken by the course that science has taken since
then ....

[These quotes] narrow the subject to geometry and intuition, and attempt to show how it came about
that, even in the branch of mathematics which would seem to be its original domain, intuition
gradually fell into disrepute and at last was completely banished ....

One of the outstanding events in this development was the discovery [by Weierstrass of] curves that
possess no tangent at any point. [That is,] ... it is possible to imagine a point moving in such a manner
that at no instant does it have a definite velocity. [This] directly affects the foundations of differential
calculus as developed by Newton (who started with the concept of velocity) and Leibniz (who started
the so-called tangent problem) .... The standard curves that have been studied since early times: circles,
ellipses, hyperbolas, parabolas, cycloids, etc. [have tangents everywhere. However,] the graph of the
function ¢ cos(1/f) demonstrates that a curve does not have to have a tangent at every point. It used to
be thought that intuition forced us to acknowledge that such a deficiency could occur only at isolated
and exceptional points of a curve [and] that a curve must possess an exact slope, or tangent, at an
overwhelming majority of points [The Weierstrass function goes beyond that. By replacing lines with
saw-tooth curves, one obtains a simplified variant, the Takagi function ...] Its character entirely eludes
intuition: indeed, after a few repetitions of the segmenting process, the evolving figure has grown so
intricate that intuition can scarcely follow, and it forsakes us completely as regards the curve that is
approached as a limit. The fact is that only logical analysis can pursue this strange object to its final
form. Thus, had we relied on intuition in this instance, we would have remained in error, for intuition
seems to force the conclusion that there cannot be curves lacking a tangent at any point .... [To avoid
such advanced] branches of mathematics, I propose to examine an occurrence of failure of intuition at
the very threshold of geometry. Everyone believes that ... curves are geometric figures generated by
the motion of a point. But ... Peano ... proved that the geometric figures that can be generated by a
moving point also include entire plane surfaces. For instance, it is possible to imagine a point moving
in such a way that in a finite time it will pass through all the points of a square and yet no one would
consider the entire area of a square as simply a curve .... This motion cannot possibly be grasped by
intuition; it can only be understood by logical analysis.

[For] a second example of the undependability of intuition even as regards very elementary
geometrical questions, think of a map showing three countries.



Intuition seems to indicate that corners at which all three countries come together ... can occur only at
isolated points, and that at the great majority of boundary points on the map only two countries will be
in contact. Yet Brouwer showed how a map can be divided into three countries in such a way that at
every boundary point all three countries will touch one another ....

Intuition cannot comprehend this pattern, although logical analysis requires us to accept it. Once more
intuition has led us astray. Intuition seems to indicate that it is impossible for a curve to be made up of
nothing but end points or of branch points. This intuitive conviction as regards branch points was
refuted [when] Sierpinski proved that there are curves all of whose points are branch points ...

Because intuition turned out to be deceptive in so many instances, and because propositions that had
been accounted true by intuition were repeatedly proved false by logic, mathematicians became more
and more skeptical of the validity of intuition. They learned that it is unsafe to accept any mathematical
proposition, much less to base any mathematical discipline on intuitive convictions. Thus, a demand
arose for the expulsion of intuition from mathematical reasoning, and for the complete formalization of
mathematics. That is to say, every new mathematical concept was to be introduced through a purely
logical definition; every mathematical proof was to be carried through strictly by logical means. The
task of completely formalizing mathematics, of reducing it entirely to logic, was arduous and difficult;
it meant nothing less than a reform in root and branch ....

Let us now summarize. Again and again we have found that, even in simple and elementary geometric
questions, intuition is a wholly unreliable guide. It is impossible to permit so unreliable an aid to serve
as the starting point or basis of a mathematical discipline ...

But what are we to say to the often heard objection that only conventional geometry is usable, for it is
the only one that satisfies intuition? My first comment on this score ... is that every geometry ... is a
logical construct. Traditional physics is responsible for the fact that until recently the logical
construction of three-dimensional Euclidean, Archimedean space has been used exclusively for the
ordering of our experience. For several centuries, almost up to the present day, it served this purpose
admirably; thus we grew used to operating with it. This habituation to the use of ordinary geometry for
the ordering of our experience explains why we regard this geometry as intuitive, and every departure
from it unintuitive, contrary to intuition, and intuitively impossible. But as we have seen, such
intuitional impossibilities, also occur in ordinary geometry. They appear as soon as we no longer
restrict ourselves to the geometrical entities with which we have long been familiar, but instead reflect
upon objects that we had not thought about before ...

The theory that the earth is a sphere was also once an affront to intuition. However, we have got used
to the idea, and today it no longer occurs to anyone to pronounce it impossible because it conflicts with

intuition.

If the use of [new] geometries for the ordering of our experience continues to prove itself so that we
become more and more accustomed to dealing with these logical constructs; if they penetrate into the
curriculum of the schools, if we, so to speak, learn them at our mother's knee, as we now learn three-
dimensional Euclidean geometry, then nobody will think of saying that these geometries are contrary
to intuition. They will be considered as deserving of intuitive status as three-dimensional Euclidean
geometry is today. For it is not true, as Kant urged, that intuition is a pure a priori means of
knowledge, but rather that it is force of habit rooted in psychological inertia.
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From Bebecca Goldsdern's Bosk “Incomple e ness

The Vienna Circle

In addition to café society, the intellectual life of Vienna was
also organized into various Kreise, or circles, more or less formal
discussion groups that met on a weekly basis, centered around
the leading intellectuals of the city. Many of these circles over-
lapped. Some were connected with the university, others not. A
large number were devoted to discussions of socialism (one,
surrounding Max Adler, was Kant-focused), and others were
oriented around the various factions within the psychoanalytic
movement. A large number of the circles were meant for the dis-
cussion of philosophy; not only of Kant, but of such figures as
Kierkegaard and Leo Tolstoy, who enjoyed an enormous influ-
ence at the time. The philosopher Heinrich Gomperz, in whose
class Godel had become convinced of Platonism, had a discus-
sion group centered on the history of philosophy. The intellec-
tual geometry of Vienna was densely inscribed with circles.

By far the most prominent of these circles was the one that
revolved around the philosopher Moritz Schlick, first dubbed,
accordingly, the Schlick Kreis, though it came eventually to be
known, as an acknowledgment of its preeminence, as the Der
Wiener-Kreis, the legendary Vienna Circle. It was from this
group of thinkers that the influential movement known as
“logical positivism” largely disseminated. The reforming
edicts of the group reshaped attitudes of scientists, social sci-
entists, psychologists, and humanists, causing them to refor-
mulate the questions of their respective fields; the effects are
still with us.

Attendance at the meetings of the Vienna Circle was by
invitation only. The philosopher Karl Popper, who went on to
eminence and was even then an up-and-coming intellectual
force, waited with impatience and in vain for an invitation to
join the most important Kreis in town.

Kurt Godet was invited to join while still an undergraduate
and was a regular attendant at the weekly sessions between
the years 1926 and 1928. Interestingly, 1928 is the year when
he turned to mathematical logic, which would of course yield
him his famous proof. No wonder he no longer had the time
or the inclination for the weekly sessions. ,

Godel had become a Platonist in 1925, a year before joining
the discussion group. Their anti-metaphysical orientation
had no influence on him, and, for their part, they never
seemed to suspect—not for a long time at least—that he was
not one of them. He apparently gave them little indication. It
was not then, and never would be, in his nature to argue face-
to-face with those with whom he disagreed. His distaste for
engaging in conflict was so extreme as to qualify as an eccen-
tricity, though hardly among his most pronounced. He
refused to oppose another person’s viewpoint unless he had
absolute certainty on his side, unless, that is, he had a proof.
All his life, he wanted to have his mathematical proofs do all
his speaking for him. (Perhaps it is no accident that this man,
whose extreme reticence cloaked intense convictions, should
have produced the most prolix mathematical results in the
history of mathematics.) He was dismayed when others did
not catch all that he was trying to say in them. He was dis-
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mayed until the end of his life that people still considered his
views consistent with those of the Vienna Circle.®

What were the views of the Vienna Circle? Logical posi-
tivism was first and foremost a movement that spoke in the
name of the precision and progress associated with the sci-
ences. It sought to appropriate the methodology that had
served the sciences so well, to distill the essence of this
methodology not only to cleanse science itself of its more
mystically vague and metaphysical tendencies—no character-
ization carried more positivist opprobrium than “metaphysi-
cal”—but also similarly to cleanse all intellectual areas. It was
a program for intellectual hygiene.

In the Viennese spirit of the time, this group of thinkers
from various fields—mathematics, philosophy, the physical
and social sciences—were intent on giving the decaying
remains of old ideas as hasty a burial as decency required and
on resurrecting in their stead a system whose wholesome
soundness would derive from the empirical sciences. Logical
positivism disseminated out far beyond the little bare room
where the group would meet and deeply penetrated the philo-
sophical orientation of philosophers, scientists, and social sci-
entists, many of whom were not even aware that they had a
philosophical orientation. But the preferred absence of a
specifically philosophical orientation was one of the major
points emphasized by the logical positivists. It was a philo-
sophical orientation meant to abolish all philosophical orien-
tations, which might strike the reader as paradoxical.

To use a favorite example, consider the question of the exis-
tence of God, defined as a transcendent Being who stands out-
side space and time, severely limiting the possibilities for
experiential contact. (At the least, such experiences would have
to occur in time.) Many traditional empiricists had declared
the existence of such a trans-empirical God inviolably
unknowable, since the cognitive means at our disposal are in
principle inadequate for answering the question one way or the
other. So remote a God—beyond our experience—rmay exist,
but we’ll never know. (Bertrand Russell, when asked what he
would say were he to find himself before the pearly gates face-
to-face with the Almighty, quipped that his response would be,
“Oh Lord, why did you not provide more evidence?”)

The logical positivists turned the empiricist theory of
knowledge into a theory of meaning. According to the latter,
the empirical means that would be relevant to discovering
whether a particular proposition is true also provide the very
meaning of the proposition. The positivist theory of meaning is
therefore often called “the verificationist criterion for meaning-
fulness,” and it legislates that the borders of empricial knowa-

bility map the borders of meaningfulness. If one cannot, in
principle, imagine any possible set of experiences that would
count as corroboration for the proposition, then what one has
is the mere semblance of a proposition, hollowed out of mean-
ing, what the positivists dubbed a “pseudo-proposition.”
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By declaring the limits of knowability one and the same with
the limits of meaningfulness, the positivists took the problem-
atic aspect of such questions as the existence of God (or of
moral values or of abstract entities) up a notch, so that now the
unanswerability of certain questions no longer takes the meas-
ure of our cognitive inadequacies, but rather signals that the
questions ought never have been posed at all. Unknowability is
regarded as a sign that a mistake in the use of language has been
made. If God (or moral values or universals or numbers) is so
defined that no empirical data could possibly be relevant to
the question of his (or their) existence, then that question is
exposed as ipso facto meaningless: nothing could count as a
genuine answer to it.

The positivist transformation of the empiricist theory of
knowledge into a theory of meaning meant that the single
damning word “meaningless” was to be pronounced over the
remains of much that had formerly passed for knowledge.
Here was the single word with which to accomplish a pro-
gram of cognitive hygiene such as the world had never seen.
The Vienna Circle, which lasted from 1924 to 1930, ending
with the tragic murder of Moritz Schlick by a psychotic for-
mer student,® had an effect that rippled out from Vienna and
is still actively circulating today, quite often in the introduc-

tory “philosophical” chapters of textbooks in science or social
science.

Dramatis Personae of the Vienna Circle

Moritz Schlick, if not the most dynamic and innovative of the
thinkers of the Circle, was a man whose positivist sincerity and
organizational abilities seem to have been instrumental to its
success. As philosopher Rudolf Carnap said, “The pleasant
atmosphere at the meetings of the Circle was due above all to
Schlick’s personality, his inexhaustible friendliness, tolerance
and modesty.” Having trained as a physicist in Germany under
the great Max Planck, he had come to Vienna in 1922 to take up
the prestigious chair in the Philosophy of the Inductive Sciences
at the university, the very chair that had been held both by Ernst
Mach and by the towering physicist, Ludwig Boltzmann,

Schlick was sympathetic to the drift of the Viennese iiber-
conversation and his presence at the university soon attracted
like-minded thinkers from across many disciplines. At first
they gathered in an old Vienna café. But the numbers of those
participating gradually grew and, in 1924, Schlick agreed to
make the gatherings somewhat more formal, moving the
group to a room at the university.

Though all (or almost all) in the Circle held positivist views
and everyone (even the clandestine Platonist) had either a
connection to or a deep sympathy for the exact sciences, there
was a diversity of interests and personalities and opinions
among them. There was, for example, Rudolf Carnap, who had
been trained as a physicist and mathematician at Jena, where he
had been influenced by the logician Gottlob Frege (1848-1925).
Carnap was “especially interested in the formal-logical prob-
lems and techniques,” and would have been a happy man
indeed to have seen every question reduced to a straightfor-
wardly technical one—the recalcitrantly irreducible of course

declared meaningless. He was said to have had a face, espe-
cially in his youth, “that almost seemed to exude sincerity and
honesty.” His intellectual earnestness impressed his fellow
positivists; he worked and learned constantly. When anything
came up in conversation that was new to him or that he
wanted to follow up, he would produce a little notebook and
jot down a few words. His ease in writing soon made him the
leading exponent of the Circle’s ideas.

Otto Neurath was a social scientist and economist, a great
big elephant of a man (he signed his letters with a picture of
an elephant) with elephantine resources of energy and capac-
ities for enjoying life. Both Carnap (who was an introvert)
and Neurath (who was not) had the instinct for political
utopianism; and Neurath, in particular, tried to push the
Circle in political directions, often making it seem, perhaps
unintentionally, that there was more political homogeneity
within the Circle than there in fact was. “Schlick especially
seemed to resent this since in Vienna, the Circle was named
after him, the Schlick-Kreis.”

Neurath and Carnap felt also that the Circle was intimately
connected with other cultural movements, in particular arguing
for an affinity between their point of view and the industrial-
design-inspired ideology of the Bauhaus. Both were an
expression of the neue Sachlichkeit, the “fact-mindedness”
that received the seal of approval from the sciences. And then
in Germany there was the “Berlin Group,” centered around
the philosopher of science Hans Reichenbach, whose outlook
was all but identical with that of the Schlick Circle.

Neurath’s sister, the blind, cigar-smoking Olga Neurath,
was also an active member of the Circle. She was a mathe-
matician with wide tastes that extended into logic. In her
youth she had written three papers, one of which, on the alge-
bra of classes, is described by Clarence 1. Lewis in his Survey of
Symbolic Logic as “among the most important contributions
to symbolic logic.”

Olga Neurath was married to Hans Hahn, who was also an
important member of the Circle. Hahn had been responsible
for bringing Schlick from Germany to Vienna. He was a first-
rate mathematician, whose name prominently lives on in the
useful Hahn-Banach extension theorem in functional analy-
sis. Hahn’s mathematical interests were wide, and eventually
he became interested in logic. It was he who brought the work
in mathematical logic of the German Gottlob Frege and the
English Bertrand Russell to the forefront of the Circle’s atten-
tion. He had an unbounded admiration for Russell and did
the Vienna Circle the great service of saving them the diffi-
culty of reading through the monumental three-volume
Principia Mathematica, explaining it all to them in his semi-
nar of the academic year 1924-25.

Hans Hahn is of particular interest in our story because
when Godel decided to switch his focus from number theory
to mathermatical logic, Hahn became his dissertation advisor.
Though Hahn’s specialty was not logic (though he had done
some significant work in set theory) his mathematical inter-
ests were certainly flexible enough to accommodate Godel’s
new interest. Gdel had first come into contact with Hahn in
1925 or 1926, and he told Hao Wang that Hahn had been a



first-rate teacher, explaining everything “to the last detail”

Noch Einmal: Man Is the Measure
of All Things

In 1929, when Schlick rejected an offer of a prestigious and
lucrative professorship in his native Germany, the other
members of the Circle decided to celebrate by publishing, in

Schlick’s honor, a booklet setting out the tenets and aims of :

their joint point of view. The result was a sort of positivist
manifesto entitled Wissenschaftliche Weltauffassung: Der
Wiener Kreis, or The Scientific Worldview: The Vienna Circle.
“Everything,” it proclaimed, “is accessible to man. Man is the
measure of all things” The ancient Sophist’s words were reit-
erated verbatim, only now given a scientifically minded twist:
whatever question is, in principle, not susceptible to measure-
ment, that is, empirical procedures, is no question at all, Since
the limits of knowability are congruent with the limits of
meaning, no meaningful matter can escape our grasp. We are
cognitively complete.

Wittgenstein and the Circle

By far the most influential figure connected with the

Vienna Circle was not even a member of it, and in fact stead-
fastly refused membership. This was the philosopher Ludwig
Wittgenstein. Wittgenstein, at least according to the interpreta-

tion that I will propose, plays a significant, if ambiguous, role in |
the story of Godel’s incompleteness theorems. Wittgenstein’s |
almost mystical influence on the members of the Vienna Circle,
the esteemed thinkers among whom the young logician first '

came to think rigorously about the foundations of mathemat-
ics, must have struck a person of Gédel’s persuasion as highly
dubious. There are still-smoldering remnants of Gdodel’s
resentment of the philosopher to be found in the Nachlass,
written (though never exposed to the public) many decades
after the Vienna Circle had ceased to be, only a few years
before the logician’s death.

Godel’s and Wittgenstein’s views on the foundations of
mathematics were, as we will see, at loggerheads, and neither
could acknowledge the work of the other without renouncing
what was most central in his own view. Each, I believe, was a
thorn deep in the other’s metamathematics.

Wittgenstein came from one of the wealthiest and most cul-
turally elite families of Vienna, “the Austrian equivalent of the
Krupps, the Carnegies, the Rothschilds, whose lavish palace
on Alleegasse had hosted concerts by Brahms and Mabhler,

Clara Schumann, and the conductor Bruno Walter.”® He was, .

in his intensity, preoccupations, ambitions, and conflicts,
indelibly stamped by the sensibilities of that intense, preoccu-
pied, ambitious, and conflicted city. While studying aeronau-
tical engineering at the Technische Hochschule in Berlin, he
had learned of Russell’s paradox, and became interested in the
foundations of mathematics.

Wittgenstein went to Cambridge, where Russell was
the most prominent philosopher on staff, and immediately
made himself known to the distinguished philosopher, math-
ematician, political activist, and aristocrat.'?

At first Russell was a bit wary before the strange intensity
of the newcomer: “My ferocious German [sic} came and
argued at me after my lecture,” Russell wrote Byt within a

short span of time (while Wittgenstein was still an under-
graduate) the “ferocious” convictions of the Austrian had a
devastating effect on Russell’s confidence in his own logical
powers:

We were both cross from the heat—I showed him a crucial
part of what I had been writing. He said it was all wrong,
not realizing the difficulties—that he had tried my view
and knew it couldn’t work. I couldn’t understand his objec-
tion—in fact he was very inarticulate—but I feel in my
bones that he must be right, and that he has seen some-
thing I have missed. If I could see it too I shouldn’t mind,
but, as it is, it is worrying and has rather destroyed the
pleasure in my writing—I can only go on with what I see,
and yet I feel it is probably all wrong, and that Wittgenstein
will think me a dishonest scoundrel for going on with it.

Back in Vienna, Wittgenstein, in absentia, was also producing
a profound effect. His first published work, Tractatus Logico-
Philosophicus, partly written in the trenches of the First World
War, had singularly impressed Schlick’s group. As stylistically
arresting as its creator, this work achieved in its austere elegance
a sort of poetry.# The traditional tool of the philosopher—the
argument—is dispensed with; each assertion is put forth, as
Russell once remarked, “as if it were a Czar’s ukase.” The poet’s
obscurity of meaning is preserved despite (by means of?) the
formal precision of its elaborate numbering system, which hier-
archically arranges its assertions: so that, say, proposition 3.411
(In geometry and logic alike a place is a possibility: something can
exist in it) is an elaboration of proposition 3.41 (The proposi-
tional sign with logical co-ordinates—that is the logical place)
which is an elaboration of 3.4 (A proposition determines a place
in logical space). The numbering system is borrowed from the
mathematician Peano, who had used it in axiomatizing arith-
metic, and it is the numbering system that Russell and
Whitehead Had also employed in Principia Mathematica.

Bertrand Russell wrote the introduction that finally, after
much difficulty, secured the author a publisher. Wittgenstein
detested the introduction, especially after it was translated
into German: “All the refinement of your English style,” he
wrote Russell, “was, obviously, lost in the translation and what
remained was superficiality and misunderstanding.” Russell’s
and Wittgenstein’s former intimacy cooled considerably over
the following years. “He had the pride of Lucifer,” was one of
Russell’s later summations of Wittgenstein’s character.

It was Kurt Reidemeister, a geometer associated with the
Circle, who\in 1924 or 1925, at Schlick’s and Hahn’s request,
studied the Tractatus and suggested that the group read it
together.
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And so the positivists began a joint study of the Tractatus,
proposition by proposition, their Thursday-evening meetings
now dedicated to Wittgenstein. They read it through not once,
but twice, the endeavor taking the better part of a year.

The Viennese positivists interpreted the cryptic Tractatus
as offering precisely the new, purifying foundations they
sought. Proposition 4.003, for example, could not summarize
more perfectly their fundamental conviction:

Most of the propositions and questions to be found in philo-
sophical works are not false but nonsensical. Consequently
we cannot give any answer to questions of this kind, but
can only point out that they are nonsensical. Most of the
propositions and questions of philosophers arise from our
failure to understand the logic of our language. ... And it is
not surprising that the deepest problems are in fact not
problems at all.

They also believed that Wittgenstein had accounted for the
truths of mathematics and logic, reducing them to tautolo-
gies, devoid of any descriptive content.

Mathematical propositions, just like the tautologies of

logic, do not represent any facts because they are, in a certain '
sense, merely grammatical. “6.233 The question whether !
intuition is needed for the solution of mathematical problems
must be given by the answer that in this case language itself

provides the necessary intuition.” (Proposition 6.233 also puts

him starkly at odds with Godel’s result, as we will see.) By lan- |
guage itself, Wittgenstein means syntax, the rules that stipu- :

late that which can be said. Mathematics, like logic, is

syntactic. .

Of What We Cannot Speak

Though Wittgenstein may have believed he had summarily

disposed of Russell’s paradox, the very problem that had .

drawn him away from aeronautical engineering and into the :
world of philosophy of logic and language, the entire
Tractatus constitutes a self-avowed paradox, as the philoso-

pher himself freely admits. According to its own dictates, its
very own propositions are meaningless. Wittgenstein for-
bade talking about a language within the language. The syn-
tactical nature, whether of logic or of mathematics, cannot
really, without violating the syntax of the language, be spo-
ken about, but must rather be shown.

6.54 My propositions serve as elucidations in the following
way: anyone who understands me eventually recognizes
them as nonsensical, when he has used them—as steps—to
climb up beyond them. (He must, so to speak, throw away
the ladder after he had climbed up it.)

E

(This last metaphor, for which Wittgenstein is famous, was one
that Wittgenstein borrowed from the drama critic/philosopher
Fritz Mauthner, of whose Sprachkritik Wittgenstein tended to be
rather critical in the Tractatus. 4.0031: “All philosophy is a ‘cri-
tique of language’ [though not in Mauthner’s sense”}.)

Wittgenstein’s attitude toward the inherent contradiction
of the Tractatus is perhaps more Zen than positivist. He
deemed the contradiction unavoidable. Unlike the scientifi-
cally minded philosophers who took him as their inspiration,
he was paradox-friendly. Paradox did not, for Wittgenstein,
signify that something had gone deeply wrong in the
processes of reason, setting off an alarm to send the search
party out to find the mistaken hidden assumption. His insou-
ciance in the face of paradox was an aspect of his thinking
that it was all but impossible for the very un-Zenlike mem-
bers of the Vienna Circle to understand. !¢

In his autobiography Carnap recalled how the Vienna
Circle had struggled with Wittgenstein’s dictum concerning
the question of whether “it is possible to speak about linguis-
tic expressions.”1” Carnap asked Wittgenstein for elucidation
on this point once too often and was summarily banished for-
ever more from Wittgenstein’s presence.
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We had the sky up there, all speckled with stars, and we used to lay on our backs and
look up at them, and discuss about whether they was made or only just happened—Jim
he allowed they was made, but I allowed they happened; I judged it would have took
too long to make so many.

mused Huckleberry Finn. The analogous query that mathematicians continually find themselves
confronted with when discussing their art with people who are not mathematicians is:

Is mathematics discovered or invented?

1 will refer to this as The Question, acknowledging that this five-word sentence, ending in a question-
mark—and phrased in far less contemplative language than that used by Huck and Jim—may open
conversations, but is hardly more than a token, standing for puzzlement regarding the status of
mathematics.

One thing is—I believe—incontestable: if you engage in mathematics long enough, you bump into
The Question, and it won’t just go away!. If we wish to pay homage to the passionate felt experience
that makes it so wonderful to think mathematics, we had better pay attention to it.

Some intellectual disciplines are marked, even scarred, by analogous concerns. Anthropology, for
example has a vast, and dolefully introspective, literature dealing with the conundrum of whether
we can ever avoid—wittingly or unwittingly—clamping the templates of our own culture onto
whatever it is we think we are studying: how much are we discovering, how much inventing?

Such a discovered/invented perplexity may or may not be a burning issue for other intellectual
pursuits, but it burns exceedingly bright for mathematics, and with a strangeness that isn’t quite

!Carrison Keillor, a wonderful radio raconteur has in his repertoire a fictional character, Gny Noir, who tangles
indefatigably with “life’s persistent questions.” This is all to the good. We should pay particular honor to the category
of persistent questions even though—or, especially because—those are the chestnuts that we'll never crack.
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matched when it pops up in other fields. For example, if you were to say—as Thomas Kuhn once
did— “Priestley discovered oxygen but Lavoisier invented it” I think I know roughly what you
mean by that utterance, without our having to synchronize our private vocabularies terribly much.
But to intelligently comprehend each other’s possibly differing attitudes towards circles, triangles,
and numbers, we would also have to come to some—albeit ever-so-sketchy—understanding of how
we each view, and talk about, a lot more than mathematics?.

For me, at least, the anchor of any conversation about these matters is the experience of doing
mathematics, and of groping for mathematical ideas. When I read literature that is ostensibly
about The Question, I ask myself whether or not it connects in any way with my felt experience,
and even better, whether it reveals something about it. I'm often—perhaps always—disappointed.
The bizaire aspect of the mathematical experience—and this is what gives such fierce energy to
The Question—is that one feels (I feel) that mathematical ideas can be hunted down, and in a way
that is essentially different frow, say, the way I am currently hunting the next word to write to
finish this sentence. One can be a hunter and gatherer of mathematical concepts, but one has no
ready words for the location of the hunting grounds. Of course we humans are beset with illusions,
and the feeling just described could be yet another. There may be no location.

There are at least two standard ways of—if not exactly answering, at least—fielding The Question
by offering a vocabulary of location. The colloquial tags for these locations are In Here and Out
There (which seems to me to cover the fleld).

The first of these standard attitudes, the one with the logo In Here—which is sometimes called
the Kantian (poor Kant!)—would place the source of mathematics squarely within our faculties of
understanding. Of course faculties (Vermogen) and understanding (Verstand) are loaded eighteenth
century words and it would be good —in this discussion at least—to disburden ourselves of their
baggage as much as possible. But if this camp had to choose between discovery and invention,
those two too-brittle words, it would opt for invention.

The “Out There” stance regarding the discovery/invention question whose heraldic symbol is Plato
(poor Plato!) is to make the claim, starkly, that mathematics is the account we give of the timeless
architecture of the cosmos. The essential mission, then, of mathematics is the accurate description,
and exfoliation, of this architecture. This approach to the question would surely pick discovery
over invention.

Strange things tend to happen when you think hard about either of these preferences.

For example, if we adopt what I labeled the Kantian position we should keep an eye on the stealth
word “our” in the description of it that I gave, hidden as it is among behemoths of vocabulary
(Vermogen, Verstand). Exactly whose faculties are being described? Who is the we? Is the we
meant to be each and every one of us, given our separate and perhaps differing and often faulty
faculties? If you feel this.to be the case, then you are committed to viewing the mathematical
enterprise to be as variable as humankind. Or are you envisioning some sort of distillate of all
actual faculties, a more transcendental faculty, possessed by a kind of universal or ideal we, in

2For a start: you and I turn adjectives into nouns (red cows — red; five cows — five) with only the barest flick of
a thought. What 4s that flick? Understanding the differences in our sense of what is happening here may tell us lots
about our differences regarding matters that can only be discussed with much more mathematical vocabulary.
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which case the Kantian view would seem to merge with the Platonic?.

If we adopt the Platonic view that mathematics is discovered, we are suddenly in surprising territory,
for this is a full-fledged theistic position. Not that it necessarily posits a god, but rather that its
stance is such that the only way one can adequately express one’s faith in it, the only way one can
hope to persuade others of its truth, is by abandoning the arsenal of rationality, and relying on the
resources of the prophets.

Of course, professional philosophers are in the business of formulating anti-metaphysical or meta-
physical positions, decorticating them, defending them, and refuting them 4. Mathematicians,
though, may have another—or at least a prior—duty in dealing with The Question. That is, to be
meticulous participant/observers, faithful to the one aspect of The Question to which they have
sole proprietary rights: their own imaginative experience. What, precisely, describes our inner
experience when we (and here the we is you and me) grope for mathematical ideas? We should ask
this question open-eyed, allowing for the possibility that whatever it is we experience may delude
us into fabricating ideas about some larger framework, ideas that have no basis®.

I suspect that many mathematicians are as unsatisfied by much of the existent literature about
The Question as I am. To be helpful here, I've compiled a list of Do’s and Don’t’s for future writers
promoting the Platonic or the Anti-Platonic persuasions.

e For the Platonists. One crucial consequence of the Platonic position is that it views
mathematics as a project akin to physics, Platonic mathematicians being—as physicists cer-
tainly are—describers or possibly predictors—not, of course, of the physical world, but of
some other more noetic entity. Mathematics—from the Platonic perspective—aims, among
other things, to come up with the most faithful description of that entity.

This attitude has the curious effect of reducing some of the urgency of that staple of mathemat-
ical life: rigorous proof Some mathematicians think of mathematical proof as the certificate
guaranteeing trustworthiness of, and formulating the nature of, the building-blocks of the
edifices that comprise our constructions. Without proof: no building-blocks, no edifice. Our
step-by-step articulated arguments are the devices that some mathematicians feel are respon-
sible for bringing into being the theories we work in. This can’t quite be so for the ardent
Platonist, or at least it can’t be so in the same way that it might be for the non-Platonist.
Mathematicians often wonder about—sometimes lament—the laxity of proof in the physics
literature. But I believe this kind of lamentation is based on a misconception, namely the
misunderstanding of the fundamental function of proof in physics. Proof has principally (as

3 A more general lurking question is exactly how we are to view the various ghosts in the machine of Kantian
idealism—for example, who exactly is that little-described player haunting the elegant concept of universally subjective
judgments and going under a variety of aliases: the sensus communis or the allgemeine Stimme?

* A very useful—and to my mind, fine—text that does exactly this type of lepidoptery is Mark Balaguer’s Platonism
and Anti-Platonism in Mathematics, Oxford Univ. Press (1998).

5When I'm working I sometimes have the sense—possibly the illusion—of gazing on the bare platonic beauty of
structure or of mathematical objects, and-at other times I'm a happy Kantian, marveling at the generative power of
the intuitions for setting what an Aristotelian might call the formal conditions of an object. And sometimes 1 seem
to straddle these camps (and this represents no contradiction to me). I feel that the intensity of this experience, the
vertiginous imaginings, the leaps of intuition, the breathlessness that results from “seeing” but where the sights are of
entities abiding in some realm of ideas, and the passion of it all, is what makes mathematics so supremely important
for me. Of course, the realm might be illusion. But the experience?
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it should have, in physics) a rhetorical role: to convince others that your description holds
together, that your model is a faithful re-production, and possibly to persuade yourself of
that as well. It seems to me that, in the hands of a mathematician who is a determined
Platonist, proof could very well serve primarily this kind of rhetorical function—making sure
that the description is on track—and not (or at least: not necessarily) have the rigorous
theory-building function it is often conceived as fulfilling.

My feeling, when I read a Platonist’s account of his or her view of mathematics, is that unless
such issues regarding the nature of proof are addressed and conscientiously examined, I am
getting a superficial account of the philosophical position, and I lose interest in what I am
reading.

But the main task of the Platonist who wishes to persuade non-believers is to learn the trade,
from prophets and lyrical poets, of how t0 communicate an experience that transcends the
language available to describe it. If all you are going to do is to chant credos synonymous
with “the mathematical forms are out there,”—which some proud essays about mathematical
Platonism content themselves to do—well, that will not persuade.

¢ For the Anti-Platonists. Here there are many pitfalls. A common claim, which is meant
to undermine Platonic leanings, is to introduce into the discussion the theme of mathematics
as a human, and culturally dependent pursuit and to think that one is actually conversing
about the topic at hand. Consider this, though: If the pursuit were writing a description of the
Grand Canyon and if a Navajo, an Irishman, and a Zoroastrian were each to set about writing
their descriptions, you can bet that these descriptions will be culturally-dependent, and even
dependent upon the moods and education and the language of the three describers. But my
having just recited all this relativism regarding the three descriptions does not undermine
our firm faith in the existence of the Grand Canyon, their common focus. Similarly, one can
be the most ethno-mathematically conscious mathematician on the globe, claiming that all
our mathematical scribing is as contingent on ephemeral circumstance as this morning’s rain,
and still one can be the most devout of mathematical Platonists.

Now this pitfall that I have just described is harmless. If I ever encounter this type of
mathematics 1s o human activity argument when I read an essay purporting to defuse, or
dispirit, mathematical Platonism I think to myself: human activity! what else could it be? 1
take this part of the essay as being irrelevant to The Question.

A second theme that seems to have captured the imagination of some anti-Platonists is recent
neurophysiological work— a study of blood flow into specific sections of the brain—as if this
gives an insider’s view of things®. Well, who knows? Neuro-anatomy and chemistry have
been helpful in some discussions, and useless in others. To show this theme to be relevant
would require a precisely argued explanation of exactly how blood flow patterns can refute, or
substantiate, a Platonist—or any—-disposition. A satisfying argument of that sort would be
quite a marvell But just slapping the words blood flow—as if it were a poker-hand—onto a
page doesn’t really work.

Sometimes the mathematical anti-Platonist believes that headway is made by showing Pla-
tonism to be unsupportable by rational means, and that it is an’ incoherent position to take
when formulated in a propositional vocabulary.

It is easy enough to throw together propositional sentences. But it'is a good deal more
difficult to capture a Platonic disposition in a propositional formulation that is a full and

6)ike the old Woody Allen movie Everything you wanted to know about sex but were afraid to ask
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honest expression of some flesh-and-blood mathematician’s view of things. There is, of course,
no harm in trying—and maybe its a good exercise. But even if we cleverly came up with a
proposition that is up to the task of expressing Platonism formally, the mere fact that the
proposition cannot be demonstrated to be true won’t necessarily make it vanish. There are
many things—some true, some false— unsupportable by rational means. For example, if you
challenge me to support—by rational means—my claim that I dreamt of Waikiki last night,
I couldn’t.

So, when is there harm? It is when the essayist becomes a leveller. Often this happens
when the author writes extremely well, super coherently, slowly withering away the Platonist
position by—well—the brilliant subterfuge of making the whole discussion boring, until I,
the reader, become convinced—albeit momentarily, within the framework of my reading the
essay—that there is no “big deal” here: the mathematical enterprise is precisely like any
other cultural construct, and there is a fallacy lurking in any claim that it is otherwise. The
Question is a non-question.

But someone who is not in love won't manage to definitively convince someone in love of
the nonexistence of eros; so this mood never overtakes me for long. Happily I soon snap
out of it, and remember again the remarkable sense of independence—autonomy even—of
mathematical concepts, and the transcendental quality, the uniqueness—and the passion—of
doing mathematics. I resolve then that (Plato or Anti-Plato) whatever I come to believe
about The Question, my belief must thoroughly respect and not ignore all this.



